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INTRODUCTION 

 

The “K-effective of the World” problem was 

introduced nearly 30 years ago by G. E. Whitesides [1]. 

The general theme was to caution Monte Carlo code users 

that, despite the sophistication of the codes for 

representing realistic geometry and physics interactions, 

correct results can be obtained only if users pay attention 

to source convergence in the Monte Carlo iterations and 

to running a sufficient number of neutron histories to 

adequately sample all significant regions of the problem. 

From [1]: 
 

The extreme example, which defines a situation in which 

this difficulty can exist, is the “k-effective of the World” 

problem. That is, if one attempts to calculate the keff of the 

world using a Monte Carlo calculation, what keff would be 

computed assuming that there are several critical 

assemblies located around the world? The answer would 

likely be the keff of the world with no critical assemblies 

present. The cause of the erroneous result is the fact that the 

volume of fissile material in the world would be so large 

relative to the volume of fissile material in the critical 

assemblies that most commonly used forms of sampling 

would almost never "see" the critical assemblies. Hence, 

this would not reflect their existence in the computed keff. 

….. The erroneous results for these types of problems 

are the result of the failure of the calculation to converge 

the source to the fundamental source mode. 

 

For a number of years, the OECD/NEA Working 

Party on Nuclear Criticality Safety has sponsored the 

Expert Group On Source Convergence in Criticality 

Safety Analysis [2,3]. This Expert Group thoroughly 

investigated the issues in source convergence for Monte 

Carlo calculations and suggested improvements to Monte 

Carlo codes and guidance for code users [2,3,4]. In this 

summary, the recommended best practices from [4] are 

applied to the “K-effective of the World” problem. 

Numerical results are discussed, and causes of previously 

observed discrepancies identified. The general conclusion 

of this work is that the model problem used in [1] is not a 

difficult calculation today, and correct results will be 

obtained if currently recommended Monte Carlo 

criticality practices are followed. 

 

PROBLEM DESCRIPTION  

 

A straightforward model problem was defined in [1] 

to illustrate the “K-effective of the World” problem: 

….. a 9 x 9 x 9 array of plutonium metal spheres with a 
radius of ~4 cm, spaced on 60-cm centers. The array is 
reflected on all sides by a thick water reflector. The keff of 
this system is computed to be 0.93. If the sphere in the 
center unit of the array is replaced by a sphere of 
plutonium that is exactly critical as a bare unit and the 
calculation repeated in the standard fashion using the 

Monte Carlo method, the calculation will yield a keff of 

0.93, reflecting the same difficulty encountered in the 

"world keff" problem. 
 
The precise dimensions, materials, and nuclear cross-

section libraries are not fundamental to the analysis. The 

model was constructed for MCNP5 [5,6] using ENDF/B-

VII.0 nuclear data (with continuous-energy physics), and 

the radii of the spheres were adjusted so that the lattice of 

smaller spheres yielded keff=.9328 ± .0002 (without the 

larger center sphere) and the larger bare sphere had keff 

=1.0001 ± .0002. With the larger center sphere replacing 

the center sphere of the subcritical lattice, a lengthy 

benchmark calculation (following recommended best 

practices) gave keff =1.0013 ± .0003. The problem 

geometry, materials, and cross-section data were then 

held constant for all of the calculations described below.  

For all calculations, the initial guess for the fission 

distribution was chosen as a uniform distribution among 

the 739 spheres, at the center points of selected spheres. 

 

NUMERICAL RESULTS 

 

The analysis below focuses on two concerns 

investigated in [2,3] and reviewed in [4]:  source 

convergence and adequate neutron population. 

 

Source Convergence 

 

Figures  (1) and (2) show keff and Hsrc (the Shannon 

entropy of the fission distribution, a diagnostic for source 

distribution convergence) for each of the first 250 cycles, 

for calculations using different numbers of 

neutrons/cycle. Several observations from these plots, 

consistent with [2,3,4] are: (1) When fewer than 1,000 

neutrons/cycle are used, there is so much statistical noise 

that determining convergence is problematic. (2) As noted 

in [4], keff converges sooner than Hsrc, about 100 cycles vs 

150. (3) Convergence of keff and Hsrc depends on model 

geometry and physics (via the dominance ratio), and not 

on the number of neutrons/cycle. 



For all subsequent calculations, the first 150 cycles 

are discarded to ensure adequate convergence of both keff 

and the fission distribution. 

 

Population Size 

 

As discussed in [1,4], a sufficient number of 

neutrons/cycle must be used to ensure adequate Monte 

Carlo sampling of the problem. In addition, as noted in 

[4], using too few neutrons/cycle gives rise to a bias in keff 

and local tallies due to the renormalization performed at 

the end of each Monte Carlo cycle. The renormalization 

bias in keff has been shown to be proportional to 1/M, 

where M is the neutrons/cycle. 

Figure (3) shows the keff  results as a function of M. 

For all cases shown in Fig. (3), the first 150 cycles were 

discarded (to ensure convergence) and enough cycles 

were run for each case to provide 10M total neutrons in 

the active cycles for each run. It is evident from Fig. (3) 

that using small numbers of neutrons/cycle can result in 

significant bias, underpredicting keff. When 5,000 or more 

neutrons/cycle are used, as recommended in [4], the bias 

in keff is negligible and smaller than the statistical noise. 

 

SUMMARY AND CONCLUSIONS 

 

The results presented herein demonstrate that the 

model problem used to demonstrate the  “K-effective of 

the World” problem is actually not a difficult problem to 

solve, if the current recommended practices are using in 

performing the Monte Carlo calculations.  

It should be noted that none of the results in Fig. (3) 

are close to keff=.93, reported in [1] when the center 

sphere was the larger sphere (that was critical by itself). It 

appears that the anomalous result for this problem noted 

in [1] was due largely to the severe computer limitations 

of 30 years ago: Due to slow computers with small 

memory size, the default parameters for running KENO 

were to use 300 neutrons/cycle, discard the first 3 cycles, 

and then run 100 active cycles for computing keff. As 

evident from Figures (1)-(3), with those default 

parameters for the calculations, the fission source and keff 

would not be converged, the 739 spheres would not be 

adequately sampled, and there would be a significant 

renormalization bias due to the small number of 

neutrons/cycle. From [1]: 

 
The Monte Carlo method has opened up the path to very 

precise evaluations of the criticality safety of almost any 

situation likely to be encountered. Its use, however, should 

be tempered by the realization that unless the correct 

fission distribution is achieved, the results will most likely 

be nonconservative. 

 

With today’s faster computers and Monte Carlo 

codes with tools for diagnosing convergence, it is not 

difficult to resolve the issues of convergence and 

population size for the model problem. As far as the real 

“K-effective of the World” problem is concerned, 

however, a 1 km spherical shell covering the earth’s 

M = 10,000 

M = 1,000 

M = 500 

100 200 
Fig. 1. Keff vs cycle, for various M   (M = neutrons/cycle)  
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Fig. 2. Hsrc vs cycle, various M 



surface has a volume roughly 10
15 

times that of the model 

problem; computing keff for the entire earth will require 

beyond-exaflop computers, and may well be 30 more 

years away. 
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