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• Introduction

• Power method for MC

• Convergence of Keff & fission source

• Bias in Keff & tallies

• Bias in confidence intervals

• Conclusions
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MIT
research reactor

Pictures from
mcnp plotter

ATR PWR
(1/4 of geometry)

VHTR
   with TRISO fuel

Accurate & explicit modeling at multiple levels
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• Bigger, faster computers  more Monte Carlo calculations
 better local statistics

• Principal uses of Monte Carlo have evolved:

1960s: K-effective

Today: K-effective,  detailed 3D whole-core,
depletion,  reactor design parameters, …

More important now than ever to address the fundamental theory
& best practices for Monte Carlo criticality calculations

Longstanding problems with the fundamental theory:
– Convergence of Keff & source distribution
– Bias in Keff & tallies
– Bias in statistics on tallies
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Power Method for
Monte Carlo

Criticality Calculations
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where
L = leakage operator S = scatter-in operator
T = collision operator M = fission multiplication operator

• Rearrange

 This eigenvalue equation will be solved by power iteration

(L + T) = S +
1
Keff
M

(L + T S) =
1
Keff
M

=
1
Keff

(L + T S) 1M

=
1
Keff

F

(n+1)
=

1
Keff
(n) F (n)
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Monte Carlo

Initial guess: Keff(0),   (0)

Outer iterations  (n)
•
•  Follow histories to solve for (n+1)

•
•
•
•      During histories, save fission sites
•      to use for source in next iteration
•
•   Compute new Keff
•         Tally Keff(n+1) during histories
•
•
•    Renormalize (n+1)

•    If converged  turn on tallies
•    If statistics small enough  stop
 • • • • •

Diffusion Theory or
Discrete-ordinates Transport

Initial guess:     Keff(0),   (0)

Outer iterations (n)
•
•  Inner iterations to solve for (n+1)

•
•
•
•      Solve linear equations or
•      sweep through space/angle mesh
•
• Compute new Keff
•
•
•
• Renormalize (n+1)

• If converged   stop
•
 • • • • •

(L + T S) (n+1)
=

1
Keff
(n) M (n) (L + T S) (n+1)

=
1
Keff
(n) M (n)

 

Keff
(n+1)

= Keff
(n) 1iM

(n+1)

1iM (n)

Power Iteration
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Initial
Guess

Cycle 1
Keff

(1)
Cycle 2

Keff
(2)

Cycle 3
Keff

(3)
Cycle 4

Keff
(4)

Cycle 1
Source

Cycle 3
Source

Cycle 4
Source

Cycle 5
Source

Cycle 2
Source

Power Iteration

• Power iteration for Monte Carlo k-effective calculation

Source particle generation

Monte Carlo random walk
Neutron
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• Assessing convergence of Keff & fission distribution
– Keff and fission distribution converge differently
– Both should be converged before beginning tallies

• Bias in Keff & tallies
– Power iteration requires renormalization every cycle
– MC renormalization involves dividing by a stochastic quantity,

which introduces bias in Keff & tallies

• Bias in uncertainties on tallies
– MC codes ignore cycle-to-cycle correlation when computing statistics

– MC codes give statistics that are too small

This talk:
– Brief description & explanation for each concern

– Illustrate magnitude using realistic PWR quarter-core
– Discuss practical approaches to avoid the problems
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2D quarter-core PWR      (Nakagawa & Mori model)

• 48 1/4  fuel assemblies:
– 12,738 fuel pins with cladding
– 1206 1/4  water tubes for

    control rods or detectors

• Each assembly:
– Explicit fuel pins & rod channels
– 17x17 lattice
– Enrichments:    2.1%,  2.6%,  3.1%

• Dominance ratio  ~  .96

• 125 M active neutrons for each calculation
• ENDF/B-VII data, continuous-energy
• Tally fission rates in each quarter-assembly
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Convergence of
Source Distribution
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• Power iteration convergence is well-understood:
n = cycle number, k0,u0 - fundamental, k1,u1 - 1st higher mode

– First-harmonic source errors die out as  n,              = k1 / k0  <  1

– First-harmonic Keff       errors die out as n-1 (1- )
– Source converges slower than Keff

• Most codes only provide tools for assessing Keff convergence

• MCNP5 also gives Shannon entropy of the source distribution, Hsrc

 

(n ) (r ) = u0 (r ) + a1
n u1(r ) + ...

keff
(n )

= k0 1 n 1(1 ) g1 + ...
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• Divide the fissionable regions of the
problem into  NS  spatial bins

• Shannon entropy of the source distribution

– For a uniform source distribution, H(S) = ln2( NS )
– For a point source (in a single bin),  H(S) = 0
– For any general source, 0    H(S)    ln2( NS )

As the source distribution converges in 3D space,
a line plot of H(S(n)) vs. n (the iteration number) converges

H(S) = pJ ln2(pJ ), where pJ =
(# source particles in bin J)

(total # source particles in all bins)J=1

NS
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• Use   Keff vs cycle    &   Hsrc vs cycle   to assess convergence of
both Keff and the fission distribution

• The number of cycles to converge is determined by:

– Dominance ratio    = k1 / k0

– Closeness of initial source guess to converged distribution
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• Dominance ratio determines the rate of convergence
 > .9     many cycles to converge

• To reduce the dominance ratio

– Take advantage of problem symmetry & reflecting boundary,
to eliminate some higher modes

PWR reactor example: full core     ~ .98
1/2 core     ~ .97
1/4 core     ~ .96
1/8 core     ~ .94

– Use Wielandt method (when available) to increase the average number of
generations per cycle, L

PWR 1/4 core example:  L = 1     ~ .96
 L = 5     ~ .83
 L = 10     ~ .72
 L = 20     ~ .57

• Smaller dominance ratio  fewer cycles to converge
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• Better initial source guess    fewer cycles to converge

• Typical

– Point at center  -  terrible guess

– Reactor:
uniform in core region - good guess

– Criticality Safety:
points in each fissionable region,  or
uniform in each fissionable region  -  good guess
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----  keff ,   initial source in center of center     1/4 assy
----  keff ,   initial source in center of diagonal 1/4 assys
----  keff ,   initial source uniform  in core region

----  Hsrc ,  initial source in center of center     1/4 assy
----  Hsrc ,  initial source in center of diagonal 1/4 assys
----  Hsrc ,  initial source  uniform in core region
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• If you are computing more than just Keff (eg, local reaction rates,
dose fields, fission distributions, heating distributions, etc.):

Should check both  keff  and  Hsrc   for convergence

• Use problem symmetry, if possible

• Use Wielandt method, when available

• Better initial source guess  fewer cycles to converge

– Reactor:   uniform in core region

– Criticality Safety:   points in each fissionable region,  or

  uniform in each fissionable region
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Bias in Keff & Tallies
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• Power iteration is used for Monte Carlo Keff calculations

– For one cycle (iteration):
• M0 neutrons start
• M1 neutrons produced, E[ M1 ] = Keff  M0

– At end of each cycle, must renormalize by factor   M0 / M1

– Dividing by stochastic quantity (M1)  introduces bias

• Bias in Keff, due to renormalization

Note:   k
2 = population variance;  keff

2 = k
2 / N

• Run the reactor problem with different M (neutrons/cycle)
500,  1000,   5000,   10000,   20000

bias in Keff =
k
2

Keff

sum of lag-i correlation

coeff's between batch K s
1

M0
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30 pcm

N = # cycles
M = neutrons/cycle
N M = constant for all calculations
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Percent errors in 
1/4-assembly fission rates 
using 500 neutrons/cycle

Reference:   ensemble-average of 25
       independent calculations,  with 25 M
       neutrons each & 20K neutrons/cycle

Errors  of  -1.7% to +3.2% 

Statistics ~ .1% to .3%



24

Monte Carlo Codes
X-3-MCC, LANLBias in Fission Tallies

Percent error in fission rates along diagonal
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• Past work - eliminating bias

– MacMillan
• Weight the tallies for each cycle n by

• Difficulty:     Must save all tallies for all cycles, combine at end of problem

– Gast & Candelore
• Increase M (neutrons/cycle) each cycle by 10 neutrons
• Difficulty:     For finite number of cycles, bias still exists

• Practical solution - use large M  (neutrons/cycle)
– Years ago

• Slow computers, M ~ 500    bias could be a problem

– Today
• Fast computers,  typically  M ~ 10K  or  100K   bias negligible
• Large M gives more efficient parallel calculations

Wn =

kJ
J=1

n 1

Kn 1 , where K = kJ
J=1

N
1
N

, N =  number of active cycles
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• For reactor problem with 500 neutrons/cycle
– Bias in Keff is  ~ 30 pcm
– Bias in the power distribution shows a significant tilt
– Errors of   -1.7 %  to  +3.2 %  in power fractions
– The bias is much larger than the MC uncertainties

• Bias in Keff & the fission distribution is smaller with 1000 neutrons
per cycle, and negligible with 10,000 or more neutrons per cycle

• Practical solution - use large M  (neutrons/cycle)
– For  M ~  10K  or  more    bias negligible
– Large M gives more efficient parallel calculations

• Wielandt's method also reduces bias
– Reduces frequency of renormalizations, reduces correlation
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Underprediction Bias
in Confidence Intervals
 in Monte Carlo Keff Calculations
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• MC eigenvalue calculations are solved by power iteration

– A generation model is used in following neutron histories

– Tallies from one generation (including K) are correlated with tallies in
successive generations

– The correlation is positive

1st  generation
2nd generation
3rd  generation
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• For tally  X,  made N times (for large N)

• (True 2) > (computed 2),   since correlations are positive

Variance underprediction bias is independent of N and M

 

True 
X
2

Computed 
X
2 =

X
2

X
2 1 + 2

sum of lag-i correlation

coeff's between tallies

 

X =

Xn
n=1

N

N
=     mean value of X

X
2
=

1

N

Xn
2

n=1

N

N 1
X2 = 

variance computed by codes,

    assuming independence of Xn' s

X
2

X
2
+

X
2 2 ri

i=1

=   
  True variance, including correlations      

ri =  lag-i correlation coef. between Xn's
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• MC codes ignore correlation in tallies when computing 2 's
• 2 's computed by MC codes are always too small

• The size of underprediction bias in 2 's depends on how tallies are
performed:

MCNP: generation tallies for Keff,

history tallies for everything else

VIM, KENO, RACER, RCP, …: generation tallies

MCNP+Wielandt,   MONK: several generations

Repeated MC runs, averaged: all generations from each run

Correlation
&

Bias

None

Larger

True 
X
2

Computed 
X
2 = 1 + 2

sum of lag-i correlation

coeff's between tallies
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True relative errors in
1/4-assembly fission rates,
as multiples of calculated
relative errors,    TRUE / MCNP

Calculated uncertainties
are 1.7 to 4.7 times smaller 
than true uncertainties
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• MacMillan  (1973) [similar approach by Gast in 1974]

– Calculate  r1  for each tally     (lag-1 inter-cycle correlation coefficient)

– Assume dominance ratio    is known

– Assume      rk    r1
k       for  k=2,3,….

– Then,

– This factor can then be used to correct the computed   for the tally

– Difficulties:
• Only gives a conservative upper bound
• Useless if      near  1.0

• Requires extra storage for each tally
• Notoriously sensitive to noise ….
• Assumption for  higher  rk's   may often be incorrect
• Dominance ratio is usually not known

True  x 
2

Computed x 
2  =  1 +  2 rk

k=1

True  x 
2

Computed x 
2    1 +  

2 r1
1
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• Uncertainties computed by MC codes exhibit a bias due to inter-
cycle correlation effects that are neglected in tallies

• Primarily affects local tally statistics,  not K-effective statistics

• Computed uncertainties are always smaller than the true
uncertainties for a tally

• Running more cycles   or   more neutrons per cycle does not
reduce the biases

• Wielandt s method can reduce or eliminate the underprediction
bias in uncertainties (see next slide)
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Wielandt's method increases the fission chain-length in 

each cycle, and reduces inter-cycle correlations

Run the problem using different amounts of Wielandt

acceleration (different shift parameters) to get average

chain-lengths of  5,  10,  20  generations per cycle

Plot relative error in quarter-assemblies along diagonal
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Conclusions

New features for MCNP5  (soon)
   + Wielandt method
   + Dominance ratio calculation

Final remarks
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• Define a fixed parameter   ke  such that    ke > k0    (k0 = exact eigenvalue)

ke   =   k0  +  ,   > 0

• Modify the transport equation & solve by power iteration

• The dominance ratio for Wielandt method is always smaller than
for power iteration

Wielandt method will converge
in fewer iterations

Reduces inter-cycle correlation,
hence improves statistics

(L + T S 1
ke
M) (n)

= ( 1
Keff
(n 1)

1
ke
)M (n 1)

Wielandt =
ke k0
ke k1

Power =
k1
k0

< 1, ke > k0 > k1 > ...

Standard power iteration

K(n)

Iteration, n
with Wielandt method
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• Power method: one neutron generation per iteration

• Wielandt method: multiple neutron generations per iteration,
varies for each starting neutron

Standard power iteration
(generation model)

Wielandt iteration
(chain model)

 ke = k0 + 
 Average chain length,
       L = 1 + k0/
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• Fission matrix DR
– Can be determined before convergence
– Sensitive to mesh size

– Provides approximate DR
– Useful for characterizing problem convergence

– May be useful for automated convergence tests

• Coarse Mesh Projection Method with time series analysis for DR
– Can only be used after convergence
– Independent of mesh size

– Provides accurate DR

• Both methods for DR were added to test version of MCNP5

• Negligible extra CPU time for either method
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• To avoid bias in Keff & tally distributions, use 10K or more
neutrons/cycle

• Always check convergence of both Keff & Hsrc

• Take advantage of problem symmetry, if possible

• Use a good initial source guess, uniform in fissionable regions

• Run at least a few hundred active cycles to allow codes adequate
information to compute statistics

• Be aware that statistics on tallies from codes are underestimated,
possibly make multiple independent runs
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A Review of Monte Carlo Criticality Calculations - Convergence, Bias, Statistics

Forrest B. Brown (LANL)

Monte Carlo criticality calculations have been performed for over 50 years for
reactor physics and criticality safety applications. With today s faster computers,
these calculations are being carried out to greater precision (smaller uncertainties)
in keff, and detailed distributions of power and reaction rates are being computed
routinely. This paper provides a review of the fundamental theory of Monte Carlo
criticality calculations, with guidance on practical methods for: (1) assuring
convergence of both keff and the source distribution, (2) minimizing the bias in keff
and reaction rate distributions, and (3) dealing with the underprediction bias in
uncertainties for keff and reaction rate distributions.

LA-UR-09-02377
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Introduction
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• Bigger, faster computers  more Monte Carlo calculations
 better localized statistics

• Principal uses of Monte Carlo have evolved:

1960s: K-effective

1970s: K-effective,  detailed assembly power

1980s: K-effective,  detailed 2D whole-core

1990s: K-effective,  detailed 3D whole-core

2000s: K-effective,  detailed 3D whole-core,
depletion,  reactor design parameters

Recent Monte Carlo R&D  focused on advanced methods for
modeling, depletion, & design parameters

More important now than ever to address the fundamental theory
& best practices for Monte Carlo criticality calculations
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Current Monte Carlo codes can model almost any geometry, with
continuous-energy cross-sections & collision physics

But …..

Longstanding problems with the fundamental theory:
1. Bias in Keff & tallies
2. Convergence of Keff & source distribution
3. Underprediction bias in confidence intervals
4. Lack of adjoint weighting for tallies
5. Determining adequate population size
6. Propagation of error (xsecs, depletion, etc.)

7. …..

Problems (1) - (4) have been addressed in the last few years.
MCNP5 features exist, or are coming this year.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile (None)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 150
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [150 150]
  /PageSize [612.000 792.000]
>> setpagedevice


